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Let X be a compact metric space and f : X → X be a continuous map. In this paper,
we prove that if f has the average-shadowing property and the minimal points of f are
dense in X , then f is weakly mixing and totally strongly ergodic. As applications we obtain
that if f is a distal or Lyapunov stable map having the average-shadowing property, then
X is consisting of one point. Moreover, we illustrate that the full shift has the average-
shadowing property.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
By a dynamical system, we mean a pair (X, f ), where X is a compact metric space with metric d and f : X → X is a
continuous map. We say (X, f ) is trivial if X is consisting of one point.
The pseudo-orbit tracing property is one of the most important notions in dynamical systems [1], which is closely
related to stability and chaos of systems, see, for instance [2–4] and is an essential part of stability and ergodic theory [1,5].
From the numerical point of view if f has the pseudo-orbit tracing property then the orbits obtained in the process of
numerical computations reﬂect the real dynamical behavior of f . In a recent work, Blank [6] introduced the notion of the
average-shadowing property in studying chaotic dynamical systems.
For δ > 0, a sequence {xi}0i<+∞ of points in X is called a δ-average-pseudo-orbit of f if there is a positive integer
N = N(δ) > 0 such that for every integer n N and every nonnegative integer k,
limsup
n→+∞
1
n
n−1∑
i=0
d
(
f (xi+k), xi+k+1
)
< δ.
A map f is said to have the average-shadowing property if for any ε > 0 there is a δ > 0 such that every δ-average-
pseudo-orbit {xi}0i<+∞ is ε-shadowed in average by some point z ∈ X , that is,
limsup
n→+∞
1
n
n−1∑
i=0
d
(
f i(z), xi
)
< ε.
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to allow in a pseudo-orbit inﬁnitely many errors of high magnitude provided that such errors were sparse enough. This
innovation allows to apply the theory of shadowing in a wider context than it was possible before. In a recent work, Gu [8]
discussed the relationship between the average-shadowing property and topological ergodicity, and showed that a Lyapunov
stable map having the average-shadowing property is topologically ergodic. The main aim of this note is to continue the
investigation of the properties of continuous maps with the average-shadowing property, we prove that if f has the average-
shadowing property and the minimal points of f are dense in X , then f is weakly mixing and totally strongly ergodic. From
this we obtain that if f is a distal or Lyapunov stable map having the average-shadowing property, then (X, f ) is trivial.
Moreover, we illustrate that the full shift has the average-shadowing property.
2. Basic notions from topological dynamics
Let (X,d) be a compact metric space with metric d and f : X → X be a continuous map. Let N denote the set of all
natural numbers and Z+ denote the set of nonnegative integers. For U , V ⊂ X , x ∈ X , we write N(U , V ) = {n ∈ Z+: U ∩
f −n(V ) = ∅}, N(x, V ) = {n ∈ Z+: f n(x) ∈ V }.
We recall that f is topologically transitive if for any pair of nonempty open subsets U , V ⊂ X , N(U , V ) = ∅ and f
is weakly mixing if the product f × f is topologically transitive. f is said to be topologically ergodic if for any pair of
nonempty open subsets U , V ⊂ X ,
limsup
n→+∞
Card(N(U , V ) ∩ {0,1, . . . ,n − 1})
n
> 0.
J ⊂ Z+ is said to be syndetic if there is N ∈ N such that [n,n+ N] ∩ J = ∅ for each n ∈ N. f is said to be strongly ergodic
if for any pair of nonempty open subsets U , V ⊂ X , N(U , V ) is a syndetic set. If for every k ∈ N, f k is strongly ergodic, we
call f totally strongly ergodic.
It is clear that totally strong ergodicity ⇒ strong ergodicity ⇒ topological ergodicity ⇒ topological transitivity.
x ∈ X is called a transitive point if orb(x, f ) = {x, f (x), f 2(x), . . .} is dense in X . It is well known that if f is topologically
transitive, then the set of transitive points is a dense Gδ set [9]. If each x ∈ X is a transitive point, then we say f is minimal.
x ∈ X is said to be minimal if for every neighborhood U of x, N(x,U ) is syndetic. Denote by AP( f ) all minimal points of f .
x ∈ X is said to be stable point of f if for any ε > 0, there is δ > 0 such that d( f n(x), f n(y)) < ε for every y ∈ X with
d(x, y) < δ and all n ∈ Z+ . f is called Lyapunov stable or equicontinuous if every point of X is a stable point of f .
x ∈ X is said to be distal if lim infn→∞ d( f n(x), f n(y)) > 0 for all y = x. We say (X, f ) is distal if every x ∈ X is distal. It
is well known that a distal point is a minimal point and if f is surjective and Lyapunov stable, then f is distal [10].
3. Main results and proofs
Theorem 3.1. Let (X, f ) be a dynamical system with metric d. If f has the average-shadowing property and the minimal points of f
are dense in X, then f is strongly ergodic.
Proof. Suppose that U and V are two nonempty open subsets of X . Since the minimal points of f are dense in X , we can
choose x ∈ U ∩ AP ( f ), y ∈ V ∩ AP ( f ) and ε > 0 such that B(x, ε) ⊂ U , B(y, ε) ⊂ V , where B(a, ε) = {b ∈ X: d(a,b) < ε}. By
x, y ∈ AP ( f ), we have that J x = {n ∈ Z+: f n(x) ∈ B(x, ε2 )} and J y = {n ∈ Z+: f n(y) ∈ B(y, ε2 )} are syndetic, which implies
that there are N1,N2 ∈ N such that [n,n+ N1] ∩ J x = ∅ and [n,n+ N2] ∩ J y = ∅ for each n ∈ N. Let N =max{N1,N2}. There
exists δ > 0 such that d(u, v) < δ implies d( f i(u), f i(v)) < ε2 for i = 0,1, . . . ,N by compactness and continuity.
Since f has the average-shadowing property, for δ2 > 0, there is δ1 : 0 < δ1 < δ2 such that every δ1-average-pseudo-orbit
is δ2 -shadowed in average by some point in X .
Choose N0 ∈ N such that 3DN0 < δ1, where D = diam(X), that is, D = sup{d(x, y): x, y ∈ X}.
We deﬁne the 2N0 periodic sequence {ωi}0i<+∞ with
ω0 = x, ω1 = f (x), . . . , ωN0−1 = f N0−1(x),
ωN0 = y, ωN0+1 = f (y), . . . , ω2N0−1 = f N0−1(y).
It is easy to see that for n N0 and 0m < +∞,
1
n
n−1∑
i=0
d
(
f (ωi+m),ωi+m+1
)
<
[ nN0 ] × 3D
n
 3D
N0
< δ1.
Thus {ωi}0i<+∞ is a periodic δ1-average-pseudo-orbit of f , hence it can be δ2 -shadowed in average by some ω ∈ X ,
that is
limsup
n→+∞
1
n
n−1∑
d
(
f i(ω),ωi
)
<
δ
2
. (3.1)i=0
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Claim.
(1) There are inﬁnite i ∈ N such that ωi ∈ {x, f (x), . . . , f N0−1(x)} and d( f i(ω),ωi) < δ.
(2) There are inﬁnite i ∈ N such that ωi ∈ {y, f (y), . . . , f N0−1(y)} and d( f i(ω),ωi) < δ.
Proof of Claim. Without loss of generality, we only prove (1). Suppose on the contrary that there is M ∈ N such that if
ωi ∈ {x, f (x), . . . , f N0−1(x)}, then d( f i(ω),ωi) δ for every i  M , we have
limsup
n→+∞
1
n
n−1∑
i=0
d
(
f i(ω),ωi
)
 δ
2
.
Which contracts with (3.1). Therefore the Claim is true. 
By the Claim, there are i0 > N0, 0 k0  N0 − 1, j0 > i0 + N,0 l0  N0 − 1 such that
ωi0 = f k0(x),d
(
f i0(ω),ωi0
)
< δ, (3.2)
ω j0 = f l0(y),d
(
f j0(ω),ω j0
)
< δ. (3.3)
Since [k0,k0 + N] ∩ J x = ∅, [l0, l0 + N] ∩ J y = ∅, there are 0  k, l  N such that f k0+k(x) ∈ B(x, ε2 ), f l0+l(y) ∈ B(y, ε2 ).
By the formula (3.2) and (3.3), we obtain d( f i0+k(ω), f k0+k(x)) < ε2 , d( f
j0+l(ω), f l0+l(y)) < ε2 . Thus f
i0+k(ω) ∈ B(x, ε) ⊂ U ,
f j0+l(ω) ∈ B(y, ε) ⊂ V . Let n0 = j0+l− i0−k > 0, it follows that U ∩ f −n0 (V ) = ∅. Since U , V are arbitrary, f is topologically
transitive.
We write W = U ∩ f −n0 (V ) = ∅. Then there exists p ∈ AP ( f ) ∩ W . Let J = {n ∈ Z+: f n(p) ∈ W }, then J is syndetic.
When m ∈ J , W ∩ f −m(W ) = ∅. Since ∅ = U ∩ f −n0 (V )∩ f −m(U ∩ f −n0 (V )) ⊂ U ∩ f −(n0+m)(V ), N(U , V ) ⊃ {n0 +m: m ∈ J }.
Therefore N(U , V ) is syndetic. Since U , V are arbitrary, f is strongly ergodic.
The proof of Theorem 3.1 is completed. 
Theorem 3.2. Let (X, f ) be a dynamical system with metric d. If f has the average-shadowing property and the minimal points of f
are dense in X, then f is totally strongly ergodic.
For the proof of Theorem 3.2, we need the following lemma.
Lemma 3.3. Let (X, f ) be a dynamical system with metric d. If f has the average-shadowing property, then so does f k for every k ∈ N.
Proof. Given k ∈ N. Since f has the average-shadowing property, for any εk > 0, there is δ > 0 such that every δ-average-
pseudo-orbit is εk -shadowed in average by some point in X . Suppose {yi}0i<+∞ is δ-average-pseudo-orbit f k , that is, there
exists N = N(δ) > 0 such that
1
n
n−1∑
i=0
d
(
f k(yi+m), yi+m+1
)
< δ
for all n N and m ∈ Z+ . We write xnk+ j = f j(yn) for 0 j < k, n ∈ Z+ , that is, {xi}0i<+∞ = {y0, f (y0), . . . , f k−1(y0), y1,
f (y1), . . . , f k−1(y1), . . .}. We have
1
n
n−1∑
i=0
d
(
f (xi+m), xi+m+1
)
< δ
for all n N and m ∈ Z+ . Then {xi}0i<+∞ is δ-average-pseudo-orbit f . So there is z ∈ X such that
limsup
n→+∞
1
n
n−1∑
i=0
d
(
f i(z), xi
)
<
ε
k
. (3.4)
Claim. There are inﬁnite l ∈ N such that
1
l
l−1∑
i=0
d
(
f ik(z), xi
)
< ε.
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1
l
l−1∑
i=0
d
(
f ik(z), xi
)
 ε
for all l N0, then
limsup
n→+∞
1
n
n−1∑
i=0
d
(
f i(z), xi
)
 ε
k
which contracts with (3.4). The proof of the Claim is completed. 
By the Claim, we have
limsup
n→+∞
1
n
n−1∑
i=0
d
(
f ik(z), xik
)
< ε.
Since xik = yi ,
limsup
n→+∞
1
n
n−1∑
i=0
d
((
f k
)i
(z), yi
)
< ε.
Hence, f k has the average-shadowing property. 
Proof of Theorem 3.2. For any k ∈ N, by Lemma 3.3, f k has the average-shadowing property. It is well known that AP( f ) =
AP( f k). Applying Theorem 3.1 for f k , we obtain that f k is strongly ergodic. Therefore f is totally strongly ergodic. 
To prove Proposition 3.5 we need the following Lemma 3.4 that is essentially the argument of Chebyshev’s Inequality
from probability theory, we will give a direct proof here.
Lemma 3.4. Let {ck} be a sequence of nonnegative real numbers. Given a positive real number t, let Ct,n be the cardinality of
{k < n: ck  t}, i.e., Ct,n = Card({k < n: ck  t}).
(a) If limsupn→+∞ 1n
∑n−1
k=0 ck < ε, then limsupn→+∞
C√ε,n
n 
√
ε.
(b) If {ck} is bounded by D and limsupn→+∞ Cε,nn < ε, then limsupn→+∞ 1n
∑n−1
k=0 ck  (D + 1)ε.
Proof. (a) Suppose on the contrary that limsupn→+∞
C√ε,n
n >
√
ε, then there is a sequence {ni} in N such that
limi→+∞
C√ε,ni
ni
= a > √ε. Therefore for δ > 0 with a − δ > √ε, there exists m > 0 such that C√ε,nini > a − δ for all i > m.
Thus 1ni
∑ni−1
k=0 ck 
C√ε,ni
ni
√
ε > (a − δ)√ε for all i > m. Which implies limsupn→+∞ 1n
∑n−1
k=0 ck  (a − δ)
√
ε > ε, this is a
contradiction. Hence (a) is true.
(b) Since 1n
∑n−1
k=0 ck 
(n−Cε,n)ε+Cε,nD
n = ε + Cε,nn (D − ε), limsupn→+∞ 1n
∑n−1
k=0 ck  ε + (D − ε) limsupn→+∞ Cε,nn  ε +
(D − ε)ε  (D + 1)ε. 
Proposition 3.5. Let (X, f ) and (Y , g) be two dynamical systems. If f and g have the average-shadowing property, then so does the
product f × g.
Proof. Let d and d′ are the metrics on X and Y respectively, then we choose the metric ρ on X × Y as follows: For
x = (x1, y1), y = (x2, y2) ∈ X×Y , ρ(x, y) =max{d(x1, x2),d′(y1, y2)}. Let D =max{ρ(x, y): x, y ∈ X×Y } and σ = ( ε2(D+1) )2.
Since f and g have the average-shadowing property, for σ > 0, there is a δ > 0 such that every δ-average-pseudo-orbit
f (g) is σ -shadowed in average by some point u ∈ X(v ∈ Y ).
Assume that {(xi, yi)}0i<+∞ is a δ-average-pseudo-orbit f × g , from the deﬁnition of the average-pseudo-orbit, we
evidently have {xi}0i<+∞ and {yi}0i<+∞ are δ-average-pseudo-orbits f and g respectively. Thus there are u ∈ X , v ∈ Y
such that
limsup
n→+∞
1
n
n−1∑
d
(
f k(u), xk
)
< σ, limsup
n→+∞
1
n
n−1∑
d′
(
gk(v), yk
)
< σ.k=0 k=0
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mk  t}), it is easy to check that Mt,n  Ct,n + Dt,n . By Lemma 3.4(a) and (3.5) it follows that limsupn→+∞ C
√
σ ,n
n 
√
σ
and limsupn→+∞
D√σ ,n
n 
√
σ . So limsupn→+∞
M√σ ,n
n  2
√
σ . By Lemma 3.4(b), we obtain that limsupn→+∞ 1n
∑n−1
k=0 mk 
2(D + 1)√σ = ε. That is,
limsup
n→+∞
1
n
n−1∑
k=0
ρ
(
( f × g)k(u, v), (xk, yk)
)= limsup
n→+∞
1
n
n−1∑
k=0
max
{
d
(
f k(u), xk
)
,d′
(
gk(v), (yk)
)}
= limsup
n→+∞
1
n
n−1∑
k=0
mk < ε.
Therefore f × g has the average-shadowing property. We ﬁnish the proof. 
Let (X, f ) and (Y , g) be two dynamical systems. If π : X → Y is continuous and surjective and satisﬁes π ◦ f = g ◦ π ,
then we say that π is a factor map from (X, f ) to (Y , g). It is well known that π(AP ( f )) = AP (g).
Proposition 3.6. Let (X, f ) and (Y , g) be two dynamical systems and f and g are surjective. If f and g each have dense minimal
points, then so does the product f × g.
Proof. We quickly reduce to the case when f and g are each minimal. It is well known that there exists a minimal point
(x, y) ∈ X × Y of f × g . Since f and g are surjective, it is easy to see that f n × gm : X × Y → X × Y is a factor map from
(X × Y , f × g) to (X × Y , f × g) for each pair (n,m) ∈ Z+ × Z+ . Thus it follows that ( f n(x), gm(y)) is minimal for f × g for
each pair (n,m) ∈ Z+ × Z+ . Since f and g are each minimal, f × g has dense minimal points. 
Now we are ready to show the main result of this paper.
Theorem 3.7. Let (X, f ) and (Y , g) be two dynamical systems. If f and g each have the average-shadowing property and dense
minimal points, then
(1) f × g has the average-shadowing property and dense minimal points;
(2) (X, f ) and (Y , g) is weakly disjoint, that is, f × g is topologically transitive;
(3) f is weakly mixing and totally strongly ergodic.
Proof. (1) Since f and g each have the average-shadowing property and dense minimal points, by Theorem 3.1 f and g
each are topologically transitive. As a topologically transitive map is surjective, by Proposition 3.5 and 3.6, f × g has the
average-shadowing property and dense minimal points.
(2) By Theorem 3.1 and (1), f × g is topologically ergodic, it is of course topologically transitive.
(3) From (2), particularly, it follows that f is weakly mixing. By Theorem 3.3 f is totally strongly ergodic. 
Note that a nontrivial weakly mixing system (X, f ) is not distal. In fact, there are x = y ∈ X such that (x, y) is a transitive
point of f × f . Hence lim infn→+∞ d( f n(x), f n(y)) = 0. Whence we immediately have the following corollary.
Corollary 3.8. Let (X, f ) be a nontrivial dynamical system. If f is distal, then f does not have the average-shadowing property.
The following theorem is due to Gu [8], it is the main result in [8].
Theorem 3.9. Let X be a compact metric space with metric d and f : X → X be a continuous, surjective map. If f has the average-
shadowing property and is Lyapunov stable, then f is topologically ergodic.
In fact, we can obtain following result by Theorem 3.7.
Corollary 3.10. Let (X, f ) be a nontrivial dynamical system. If f has the average-shadowing property and is surjective, Lyapunov
stable, then f does not have the average-shadowing property.
The results in this paper show that the average-shadowing property is an extremely strong condition for a dynamical
system. The following example also shows this.
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y = (y1, y2, . . .) ∈ X and I X : X → X be the identity map. I X satisﬁes the pseudo-orbit tracing property from [11, Remark
4.30]. It is of course equicontinuous and every point is ﬁxed point and so is a minimal point, but it is not topologically
transitive. Thus it does not satisfy the average-shadowing property by Theorem 3.7.
4. The average-shadowing property of symbolic dynamics
Finally, as examples we will discuss the average-shadowing property of symbolic dynamics. We will illustrate that the
full shift satisﬁes the average-shadowing property, which shows that the systems having the average-shadowing property
and dense minimal points exist.
Let us recall some notions related to symbolic dynamics (for details see [12]). Let S = {1,2, . . . ,k} (k  2) with the
discrete topology and Si = S for all i  1. Let ∑k =∏+∞i=1 Si with the product topology. Then ∑k is a compact metric space.
It has a metric d which is compatible with the product topology as follows: for each x = (x1, x2, . . .), y = (y1, y2, . . .) ∈∑k ,
d(x, y) =
{
0, x = y,
1
2k−1 , k =min{i: xi = yi}.
Let σ : ∑k → ∑k be the full shift which is deﬁned as σ(x1, x2, . . .) = (x2, x3, . . .) for any x = (x1, x2, . . .) ∈ ∑k .
(
∑
k, σ ) is called the symbolic dynamical system.
For given n ∈ N, let [a1,a2, . . . ,an] = {x ∈∑k: xi = ai, ai ∈ S, i = 1,2, . . . ,n}, which is called a cylinder set. The collection
of all cylinder sets forms the topology base of
∑
k . Thus σ is an open map. It is well known that σ is topologically transitive
and has the dense periodic points [12].
To illustrate that σ has the average-shadowing property, we need the following notion and Theorem 4.1 obtained by
K. Sakai [13, Theorem 2].
Let (X, f ) be a dynamical system, we say that f is expansive if there exists a constant c > 0 such that d( f n(x), f n(y))
c(x, y ∈ X ) for all n 0 implies x = y.
Theorem 4.1. (See [13].) Let (X, f ) be a dynamical system. If f is an expansive open map, then the following conditions are equivalent:
(1) f has the average-shadowing property;
(2) f is topologically transitive.
By the deﬁnition of (
∑
k, σ ) it is not diﬃcult to show that σ is expansive. Therefore, by Theorem 4.1 σ has the average-
shadowing property.
5. Conclusions
Let f be a continuous map deﬁned on a compact metric space X . In this paper, we have investigated the relation between
the average-shadowing property and strong ergodicity, and mainly prove that if f has the average-shadowing property and
the minimal points of f are dense in X , then f is weakly mixing and totally strongly ergodic (Theorem 3.7). One can
deduce from this result that if (X, f ) is a nontrivial dynamical system and f is a distal or Lyapunov stable then f does not
satisfy the average-shadowing property (Corollaries 3.8 and 3.10). The results in this note show that the average-shadowing
property is a strong condition for dynamical systems. Moreover, we illustrate that the full shift has the average-shadowing
property and the systems having the average-shadowing property and dense minimal points exist.
Besides the relations among the properties involving dynamical systems and the average-shadowing property discussed
in this paper, relations among some other concepts in analysis of chaotic dynamical systems and the average-shadowing
property will become our future research topic. In particular, chaoticity is an important property of dynamical systems,
a natural and important question arises: if f has the average-shadowing property, when is f chaotic?
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